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The family of all smooth foliations F on an open set Ω ⊂ R2 ∼= C
is naturally parameterized by all smooth maps X : Ω → S1 = {z ∈
C: |z| = 1}, in the sense that the values ±√X(p) determine the
tangent line to the leaf of F at p ∈ Ω . If F is further assumed to
be orientable, a smooth global branch Y of the square root of X can
be chosen. In this case, one has the classical Lyapunov criterion:
if there is a real-valued u ∈ C1(Ω) such that Yu = Re{2Yuz¯} is
nowhere zero, then F has no closed leaves (the vector ﬁeld Y has
no periodic orbits). In this paper we introduce an analytic criterion
for the nonexistence of closed leaves, similar in spirit to that of
Lyapunov, but which allows for F to be unorientable as well. The
possible lack of orientability makes the replacement for the ﬁrst
order differential operator Y considerably more involved. In fact, one
has to work with a second order linear hyperbolic differential operator
LF whose coeﬃcients carry information about the curvature of the
leaves of F . It is shown that if F is given by X : Ω → S1 in the
manner described above, and there exists a real-valued u ∈ C2(Ω)
such that LFu := Im{2Xuz¯z¯ + (Xz − X Xz)uz¯} is nowhere zero, then
F has no closed leaves. We apply the new criterion when X is
holomorphic, providing also an example that shows the need for
the ﬁrst order term in the deﬁnition of LF .
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1. Introduction
Let Ω ⊂ R2 ∼= C be open, and X : Ω → C − {0} smooth. One can associate a direction ﬁeld L to X
by taking Lp to be the line in the direction of either of the two square roots of the complex number
X(p). Conversely, it is easy to see that any direction ﬁeld L on Ω arises in this way. Furthermore,
X1, X2 : Ω → C − {0} give rise to the same ﬁeld if and only if there is a positive function ρ such that
X1 = ρX2. In particular, the family of all smooth foliations F on an open set Ω ⊂ R2, regardless of
whether they are orientable or not, is identiﬁed canonically with the space of all smooth functions
X : Ω → S1 = {z ∈ C, |z| = 1}.
If F is further assumed to be orientable (by a vector ﬁeld), one can choose a smooth global branch
Y of the square root of X . Similarly, two vector ﬁelds Y1, Y2 deﬁne the same orientable foliation F if
and only if there is a non-vanishing function ρ such that Y1 = ρY2. In this case, one has the classical
Lyapunov criterion:
If there is u ∈ C1(Ω) such that, for some (and hence every) representative Y of F ,
Yu = 〈∇u, Y 〉 = Re{2Yuz¯} (1.1)
is nowhere zero, then F has no closed leaves (Y has no periodic orbits).
The aim of this paper is to introduce an analytic criterion for the nonexistence of closed leaves,
similar in spirit to that of Lyapunov, but which allows also for the foliation to be unorientable.
Lest there be any doubt that an unorientable foliation can have closed leaves, we sketch in Fig 1.
a simple example on Ω = C − {(0,0), (−1,0), (1,0)}.
A similar example of an unorientable foliation with closed leaves, this time on a twice-punctured
plane, arises by considering confocal ellipses (see [11, pp. 5–6]).
The possible lack of orientability has the effect of making the replacement for the ﬁrst order linear
differential operator Y in (1.1) considerably more involved. In fact, one is now forced to work with
a second order linear hyperbolic differential operator LX which, as it will be seen in the course of our
discussion, carries information about the curvature of the leaves of the foliation:
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that the tangent directions to the leaves of F are given by the square roots of X . Consider the operator LX
acting on functions u ∈ C2(Ω) by
LXu := Im
{
2Xuz¯z¯ + 12
(
(Xz) + X(Xz¯)|X | −
|X |Xz
X
− X Xz¯
X
)
uz¯
}
. (1.2)
Then:
i) LX is a linear hyperbolic operator and ±
√
X,±i√X are characteristic vectors for LX .
ii) If ρ : Ω → (0,∞) is smooth, then LρX = ρLX .
iii) If there exists a C2 real-valued function u on Ω such that LXu is nowhere zero, then F has no closed
leaves.
An interesting class of planar foliations arises if one takes X to be holomorphic. In this case, an
application of Theorem 1.1 yields:
Theorem 1.2. Let F be the foliation on a punctured ball Ω = B(0, R)− {0} associated to a function X : Ω →
C − {0}. Suppose that:
a) Xz¯ = 0, i.e., X is holomorphic.
b) a−1 = 0 and Re{a−2} = 0, where a−1 and a−2 are the coeﬃcients of z−1 and z−2 , respectively, in the
Laurent expansion of X−1 about z = 0.
c) |Xz
∫ z X−1| < 2, where ∫ z X−1 is some primitive of X−1 .
Then F has no closed leaves.
Indeed, since a−1 = 0, −i X−1 has a holomorphic primitive G , so that Gz = −i X−1. The coeﬃcient
of z−1 in the Laurent expansion of G about 0 is precisely ia−2, and so is a real number by our
assumption Re{a−2} = 0. Thus, for a ﬁxed zo ∈ Ω , the function u : Ω → R given by
u(z) = 2Re
{ z∫
zo
G(ζ )dζ
}
,
is well deﬁned and satisﬁes uz = G . Being the real part of a (locally deﬁned) holomorphic function, u
is harmonic. Hence u ∈ C∞(Ω) and uzz = −i X−1. The ﬁrst term in (1.2) becomes Im{2Xuz¯z¯} = 2. The
absolute value of the second term is bounded by
|Xz||uz¯| =
∣∣∣∣Xz
z∫
X−1
∣∣∣∣.
It now follows from c) that LX (u) > 0, and Theorem 1.1 applies to show that F has no closed leaves.
Example. Taking X(z) = ζ zn , where |ζ | = 1 and n  2 is an integer, condition b) in Theorem 1.2 is
satisﬁed if either n  3 or n = 2 and ζ = ±i. On the other hand, while checking c) one is led to the
estimate nn−1 < 2, which is valid precisely when n  3. Hence, if n  3 Theorem 1.2 applies to show
that the foliation F associated to X(z) = ζ zn has no closed leaves. This is consistent with the fact that
when X(z) = −z2 the underlying foliation is oriented by the vector ﬁeld iz = √−z2, and so all of its
leaves are closed (circles centered at the origin). Note also that if n > 2 is odd, the function zn does
not have a single-valued holomorphic square root on the punctured disc Ω . The resulting foliation is
therefore unorientable, thus placing it beyond the scope of the Lyapunov criterion.
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involves solely Im{Xuz¯z¯}, without the ﬁrst order terms that ﬁgure in the deﬁnition of LX . However, as
it will be seen in Section 4, this is not possible.
Even though the expression for LX in complex notation is somewhat involved, it is still far simpler
than its formula in Euclidean coordinates (X = α + iβ):
LXu = 1
2
(−βuxx + 2αuxy + βuyy) + 1
4(α2 + β2) 12
(βαxux − αβxux − αβyuy + βαyuy)
+ 1
4(α2 + β2)
(
β2αxuy + α2βyuy + β2αyux − α2βxux + αβαxux − αββyux − αβαyuy
− αββxuy
)
. (1.3)
When X is the canonical representative of F , so that |X | = 1, we write LF = LX . In this case the
expression for the operator in (1.2) simpliﬁes considerably:
Theorem 1.3. Let F be a smooth foliation of a planar domainΩ , and X : Ω → S1 its canonical representative.
If there exists a C2 real-valued function u on Ω such that
LFu := Im
{
2Xuz¯z¯ +
(
(Xz) − X Xz
)
uz¯
}
(1.4)
is nowhere zero, then F has no closed leaves.
Letting X = Y 2, one has:
Corollary 1.4. Let Y be a smooth unit length vector ﬁeld deﬁned on Ω . If there exists a C2 real-valued function
u on Ω for which
Im
{
2Y 2uz¯z¯ + 2Y
(
(Yz) − Yz
)
uz¯
}
> 0,
then Y has no periodic orbits.
Notice that there is no loss of generality in working with LF only since, by part ii) of Theorem 1.1,
a function u satisﬁes LFu > 0 if and only if it satisﬁes LXu > 0 for any other representative X of F .
Nevertheless, from a computational standpoint it may be advantageous in some speciﬁc examples to
work with (1.2) instead of (1.4), as seen in Theorem 1.2.
The proof of Theorem 1.1 is much more elaborate than that of the Lyapunov criterion because of
the unexpected role played by the curvature of the leaves. Ultimately, what really sets Theorem 1.1
apart is the fact that it is meaningful in the context of all planar foliations, and not just the orientable
ones.
2. Remarks on unorientable foliations in classical differential geometry
The classical theory of lines of curvature on surfaces in R3 (their singularities are the elusive um-
bilical points) provides a large supply of planar foliations, many of which are unorientable. The works
of Sotomayor, Gutierrez, Garcia and others (see, for instance, [6,4,5,8] and the references therein)
are part of a program whose aim is to develop a systematic understanding of the generic case. But
many tantalizing questions about these foliations remain unanswered in the non-generic case, several
of them surrounding the conjectures of Carathéodory (the statement that any C2 immersion of the
2-sphere into R3 has at least two umbilical points), and the higher order version of the Lowner con-
jecture (the statement that, for every n  2, the local index of an isolated singularity of ∂nz¯ u, when
u is Cn real-valued function, cannot exceed n). For more on these matters, we refer the reader to
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been proposed recently).
Another important class of planar foliations which are not necessarily orientable arises if one con-
siders the Hessian of a smooth function u of two variables. Away from the set where the Hessian
is a multiple of the identity, Hessu has exactly two diagonalizing directions. The resulting orthogo-
nal direction ﬁelds are, in general, non-orientable. In fact, these foliations can be thought of as an
analytic version of the above mentioned foliations by lines of curvature (the latter being deﬁned in
an umbilic-free region of a surface where the Gaussian curvature is positive and the Gauss map is
invertible). For more on these matters, see [15].
Our primary interest in establishing Theorem 1.1 stems from the fact [15, p. 656] that the Hessian
foliations of a real-valued function u are associated to the complex-valued functions X = uz¯z¯, X =
−uz¯z¯. In other words, the vectors ±√uz¯z¯ and ±i√uz¯z¯ are eigenvectors of Hessu. In this case, it is
tempting to select u in Theorem 1.1 to be the same function that deﬁnes the Hessian foliation (in
a manner similar to choosing the Lyapunov function to be the function itself, when dealing with a
gradient vector ﬁeld). But this is bound to fail in general, as there are examples of Hessian foliations
which admit closed leaves. For instance, this is the case if the Hessian foliation arises from the lines
of curvature near the tip of a paraboloid of revolution (via the Bonnet coordinates, see [15]) which
are obtained by intersecting the surface with planes perpendicular to its axis.
The Lyapunov criterion shows that among the vector ﬁelds obtained by rotations of a planar gra-
dient ﬁeld, i.e., ﬁelds of the type ζuz¯ with |ζ | = 1, only the cases ζ = ±i can yield closed orbits
(the level lines of u). Furthermore, the basic argument behind the said criterion, together with the
Poincaré–Bendixson theorem, imply that an isolated singularity of ζuz¯ does not admit homoclinic
orbits, for any ζ = 0.
We end this section by posing two questions related to rotations of Hessian foliations, both of
which of great relevance to classical differential geometry. They are motivated by the remarks made
in the preceding paragraph about rotations of gradient ﬁelds. Unfortunately, at least for now, these
problems remain beyond the reach of the ideas surrounding Theorem 1.1.
Question 1. Among the rotations ±ζ√uz¯z¯ of a Hessian foliation, |ζ | = 1, is it true that ζ = ±1,±i, are
the only cases where one may ﬁnd closed leaves?
Question 2. Can a rotation ±ζ√uz¯z¯ of a Hessian foliation, |ζ | = 1, exhibit a homoclinic leaf near an
isolated singularity? A negative answer, for any ζ = 0, would settle the case n = 2 of the Lowner
conjecture which, in turn, implies the Carathéodory conjecture.
3. Proof of Theorem 1.1
The proof of i) is a routine matter, starting with the expression for Im{Xuz¯z¯} given by (3.10) below
(see also [13] for the basic deﬁnitions of hyperbolicity and characteristic vectors). Part ii) of the the-
orem can be checked by a tedious but straightforward computation. Alternatively, ii) follows directly
from (3.17), since the absolute value of the curvature of a curve is independent of the parametrization.
We now proceed to establish iii), the heart of the matter. We begin by computing the signed
curvature k of an integral curve γ of a given vector ﬁeld Y , relative to its natural orientation. Writing
γ (t) = (x(t), y(t)), one has the well-known formula [3, p. 25]
k = x
′ y′′ − x′′ y′
[(x′)2 + (y′)2]3/2 =
〈 Jγ ′, γ ′′〉
|γ ′|3 , (3.1)
where J : R2 → R2, J (v1, v2) = (−v2, v1), is the complex structure, and 〈,〉 is the standard inner
product in R2. For all v = (v1, v2) and w = (w1,w2) in R2,
〈 J v,w〉 = Im{v¯w}, (3.2)
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we obtain
k = 1|γ ′|3 Im
{
γ ′γ ′′
}
. (3.3)
Taking the derivative of γ ′(t) = Y (γ (t)) with respect to t we have, with 2∂z = ∂x − i∂y and 2∂z¯ =
∂x + i∂y ,
γ ′′ = Yzγ ′ + Y z¯γ ′ = YzY + Y z¯Y . (3.4)
After substituting (3.4) in (3.3), one obtains
k = 1|Y |3 Im
{
Y (YzY + Y z¯Y )
}= 1|Y | Im
{
Yz + Y
2Y z¯
|Y |2
}
. (3.5)
Let C be a leaf of F and γ : I → C a parametrization of C by arc length. Fix to in the interior of
I , consider an open neighborhood U ⊂ Ω of γ (to) where one can deﬁne a smooth vector ﬁeld Y that
satisﬁes Y 2 = X , and choose ε > 0 so that (to − ε, to + ε) ⊂ I , γ ((to − ε, to + ε)) ⊂ U . Replacing Y by
−Y if necessary, we can suppose that T (γ (t)) = γ ′(t), for all t ∈ (to − ε, to + ε), where T = Y /|Y |.
Differentiation of Y 2 = X gives
2Y Yz = Xz, 2Y Y z¯ = Xz¯. (3.6)
By (3.5) and (3.6), the curvature k of γ satisﬁes, throughout (to − ε, to + ε),
k|Y |Y = 1
2i
(
Y Yz + Y
3Y z¯
|Y |2 − Y Yz −
Y 2Y Y z¯
|Y |2
)
= 1
2i
( |X |Xz
2X
+ X Xz¯
2X
− Xz
2
− X Xz¯
2|X |
)
. (3.7)
Since 〈v,w〉 = Im{ivw} for all v,w ∈ R2, and ∇u can be identiﬁed with = 2uz¯ , it follows that
k|Y |〈∇u, Y 〉 = Im{2ik|Y |Y uz¯}= Im
{( |X |Xz
2X
+ X Xz¯
2X
− Xz
2
− X Xz¯
2|X |
)
uz¯
}
. (3.8)
From (1.2) and (3.8), we obtain, for t ∈ (to − ε, to + ε),
LXu
(
γ (t)
)= 2 Im{Xuz¯z¯}(γ (t))− k(t)|Y |〈∇u, Y 〉(γ (t)). (3.9)
Next, we determine the ﬁrst term on the right-hand side of (3.9). Writing X = (α,β), a direct
computation gives
2 Im{Xuz¯z¯} = 12 (−βuxx + 2αuxy + βuyy). (3.10)
Setting N = J T , we have, from the bilinearity and symmetry of the Hessian operator,
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(〈e1, T 〉T + 〈e1,N〉N, 〈e1, T 〉T + 〈e1,N〉N)
= 〈e1, T 〉2 Hessu(T , T ) + 2〈e1, T 〉〈e1,N〉Hessu(T ,N) + 〈e1,N〉2 Hessu(N,N),
uxy = Hessu(e1, e2) = Hessu
(〈e1, T 〉T + 〈e1,N〉N, 〈e2, T 〉T + 〈e2,N〉N)
= 〈e1, T 〉〈e2, T 〉Hessu(T , T ) + 〈e1, T 〉〈e2,N〉Hessu(T ,N)
+ 〈e1,N〉〈e2, T 〉Hessu(T ,N) + 〈e1,N〉〈e2,N〉Hessu(N,N),
uyy = Hessu(e2, e2) = Hessu
(〈e2, T 〉T + 〈e2,N〉N, 〈e2, T 〉T + 〈e2,N〉N)
= 〈e2, T 〉2 Hessu(T , T ) + 2〈e2, T 〉〈e2,N〉Hessu(T ,N) + 〈e2,N〉2 Hessu(N,N).
From (3.10) and the three equations above, one has
2 Im{Xuz¯z¯} = 12 Hessu(T , T )
(−β〈e1, T 〉2 + 2α〈e1, T 〉〈e2, T 〉 + β〈e2, T 〉2)
+ 1
2
Hessu(N,N)
(−β〈e1,N〉2 + 2α〈e1,N〉〈e2,N〉 + β〈e2,N〉2)
+ 1
2
Hessu(T ,N)
(−2β〈e1, T 〉〈e1,N〉 + 2α〈e1, T 〉〈e2,N〉)
+ 1
2
Hessu(T ,N)
(
2α〈e1,N〉〈e2, T 〉 + 2β〈e2, T 〉〈e2,N〉
)
. (3.11)
From Y 2 = X and T = Y|Y | one has T 2 = X|X | , which implies
a2 − b2 = α|X | , 2ab =
β
|X | , (3.12)
where T = (a,b). Using the above equation and N = (−b,a), one computes
−β〈e1, T 〉2 + 2α〈e1, T 〉〈e2, T 〉 + β〈e2, T 〉2 = 0, (3.13)
−β〈e1,N〉2 + 2α〈e1,N〉〈e2,N〉 + β〈e2,N〉2 = 0, (3.14)
−β〈e1, T 〉〈e1,N〉 + α〈e1, T 〉〈e2,N〉 + α〈e1,N〉〈e2, T 〉 + β〈e2, T 〉〈e2,N〉 = |X |. (3.15)
It follows from (3.11), (3.13), (3.14) and (3.15) that
2 Im{Xuz¯z¯} = |X |Hessu(T ,N) = Hessu(Y , J Y ). (3.16)
Hence, by (3.9) and (3.16) we have, for each t ∈ (to − ε, to + ε),
LXu
(
γ (t)
)= Hessuγ (t)(Y (γ (t)), J Y (γ (t)))− k(t)|Y |〈∇u, Y 〉(γ (t)). (3.17)
Recalling that γ ′(t) = T (γ (t)) on (to − ε, to + ε), we have also
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(
T
(
γ (t)
)
, J T
(
γ (t)
))= Hessuγ (t)(γ ′(t), Jγ ′(t))
= 〈∇γ ′(t)∇u, Jγ ′(t)〉=
〈
d
dt
∇u(γ (t)), Jγ ′(t)〉
= d
dt
〈∇u(γ (t)), Jγ ′(t)〉− 〈∇u(γ (t)), d
dt
Jγ ′(t)
〉
= d
dt
〈∇u(γ (t)), Jγ ′(t)〉+ k(t)〈∇u(γ (t)), γ ′(t)〉
= d
dt
〈∇u(γ (t)), Jγ ′(t)〉+ k(t)〈∇u, T 〉(γ (t)). (3.18)
Since T = Y /|Y |, one has
Hessuγ (t)
(
Y
(
γ (t)
)
, J Y
(
γ (t)
))= |X |(γ (t)) d
dt
〈∇u(γ (t)), Jγ ′(t)〉
+ k(t)|Y |〈∇u, Y 〉(γ (t)), (3.19)
for every t ∈ (to − ε, to + ε). From (3.17) and the above equation, we obtain
LXu
|X |
(
γ (t)
)= d
dt
〈∇u(γ (t)), Jγ ′(t)〉, t ∈ (to − ε, to + ε). (3.20)
Since to was chosen arbitrarily in I , one concludes that (3.20) holds for all t ∈ I .
For any t1 < t2 in I we have, integrating (3.20),
t2∫
t1
LXu
|X |
(
γ (t)
)= 〈∇u(γ (t2)), Jγ ′(t2)〉− 〈∇u(γ (t1)), Jγ ′(t1)〉. (3.21)
To complete the proof of the theorem, suppose that C is a closed leaf of F , so that I = [0, l], γ (0) =
γ (l) and γ ′(0) = γ ′(l), where l is the length of C . Letting t1 → 0 and t2 → l in (3.21), we reach a
contradiction since LXu does not vanish.
4. The condition Im{Xuz¯z¯}> 0 does not suﬃce
Let C ⊂ R2 be a simple closed curve with non-constant curvature k (i.e., C is not a round circle),
and γ : [0, l] → R2 a parametrization of C by arc length. Let X be a smooth vector ﬁeld, deﬁned on
a tubular neighborhood V of C , such that X |C = (γ ′)2. We will construct below a smooth function u
on V such that Im{Xuz¯z¯} > 0 along a neighborhood Ω ⊂ V of C . Since C is clearly a periodic orbit
of the line ﬁeld determined by ±√X , one will conclude, as announced in the Introduction, that the
second term in the right-hand side of (1.2) is essential for the validity of Theorem 1.1.
Let f , g : R → R be smooth periodic functions (to be determined later), both of period l. If 
 is
small enough, one can deﬁne a function u : V → R by
u
(
γ (t) + s Jγ ′(t))= g(t) + sf (t), t ∈ [0, l], s ∈ (−ε, ε). (4.1)
Since u(γ (t)) = g(t) for all t ∈ [0, l], one has
〈∇u(γ (t)), γ ′(t)〉= (u ◦ γ )′(t) = g′(t). (4.2)
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〈∇u(γ (t)), Jγ ′(t)〉= d
ds
∣∣∣∣
s=0
u
(
γ (t) + s Jγ ′(t))= d
ds
∣∣∣∣
s=0
(
g(t) + sf (t))= f (t). (4.3)
Differentiating the above equation with respect to t , and using (4.2), we obtain
f ′(t) = 〈∇γ ′(t)∇u, Jγ ′(t)〉+ 〈∇u(γ (t)),−k(t)γ ′(t)〉
= Hessu(γ ′(t), Jγ ′(t))− k(t)g′(t). (4.4)
Since X(γ (t)) = (γ ′(t))2, it follows from (3.16) and (4.4) that
2 Im{Xuz¯z¯}
(
γ (t)
)= f ′(t) + k(t)g′(t), t ∈ [0, l]. (4.5)
Since the curvature k of C is not constant, there exists c ∈ (0, l) such that k′(c) < 0. Take δ > 0
such that [c − δ, c + δ] ⊂ (0, l) and k′ < 0 on (c − δ, c + δ), and let g : R → R be a smooth l-periodic
function that is positive on (c − δ, c + δ) and zero on [0, c − δ] ∪ [c + δ, l]. Setting ξ = g′ , we have
l∫
0
kξ =
l∫
0
kg′ =
l∫
0
(kg)′ −
l∫
0
k′g. (4.6)
Since k′ < 0 and g > 0 on (c − δ, c + δ), and g vanishes outside (c − δ, c + δ),
l∫
0
kξ = −
l∫
0
k′g = −
c+δ∫
c−δ
k′g > 0. (4.7)
Set λ = 1l
∫ l
0 kξ and η = λ − kξ . Then λ is a positive constant and
l∫
0
η = λl −
l∫
0
kξ = 0. (4.8)
Deﬁning
f (t) =
t∫
c
η(s)ds, (4.9)
one has f ′ = η, and from (4.8) one easily sees that f is l-periodic. From ξ = g′ , η = f ′ and η = λ−kξ ,
we obtain
f ′ + kg′ = η + kξ = λ > 0. (4.10)
From (4.5) and (4.10), we obtain
2 Im{Xuz¯z¯}
(
γ (t)
)
> 0, t ∈ [0, l], (4.11)
3812 F. Fontenele, F. Xavier / J. Differential Equations 250 (2011) 3803–3812and by continuity one concludes that 2 Im{Xuz¯z¯} > 0 along a neighborhood Ω ⊂ V of C . Hence,
2 Im{Xuz¯z¯} > 0, and yet the foliation given by the square roots of X admits a closed leaf. This un-
derscores the importance of the ﬁrst order term in the deﬁnition of the operator LX .
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